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Abstract:

A suggested algorithm, for solving fully fuzzy rough integer
transportation problems (FFRITPSs), is introduced in order to find an optimal
solution and optimal values cost where the supply and demand are balanced.
In real-life situations, the parameters of a transportation problems model may
not be defined precisely, because of the current market globalization and
some other uncontrollable factors. By study a special cases when all
parameters and decision variables in the constraints and the objective
function are trapezoidal fuzzy rough number (TrFRN). The methodology of
the solution depends on dividing this problem into six crisp problems, and
then assemble the solutions to find the optimal solution for the original
problem. Furthermore, the proposed algorithm enable us to search for the
optimal solution in the largest range of possible solutions. The split and
separation method can be served as an important tool for the decision makers
when they are handling various types of logistic problems having trapezoidal
fuzzy rough variable and parameters. [ In addition, the motivation behind this
study is to enable the decision makers to make the right decision considering
the proposed solutions, while dealing with the uncertain and imprecise data]
Finally, the effectiveness of the proposed procedure is illustrated through
numerical example.

Keywords: Fuzzy number- Fuzzy rough number- Transportation problem-
fully fuzzy rough problem- Optimal solution- supply and demand.
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1. Introduction
Transportation problem (TP) is one of the popular and most important
applications of the linear programming problem. Many efficient algorithms
have been developed for solving TPs having deterministic parameters. In
many real-life situations, some or all parameters of the TP are not
deterministic always, but they are uncertain. (Zimmermann, 1978) developed
Zimmermanns fuzzy linear programming into several fuzzy optimization
methods for solving TPs. Many researchers ( Ebrahimnejad, 2015), (Kaur
and Kumar, 2012), (Natarajan, 2010) and (Shanmugasundari and Ganesan,
2013 ) have proposed various methods to solve interval and fuzzy TPs. The
theory of rough sets proposed by (Pawlak, 1982) which deals with
approximation of an arbitrary subset of universe by two definable or
observable subset called lower and upper approximation. Then, many
researchers have developed the rough set theory both in theoretical and
applied. A rough programming problem considering the decision set as a
rough set was introduced and solved by (Youness, 2006). (Shaocheng, 1994)
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introduced two kinds of linear programming with fuzzy numbers. They are
called interval number and fuzzy number linear programming. (Taha, 1997)
Integer programming (IP) problems are optimization problems that minimize
or maximize the objective function, taking into consideration the limits of
constraints and integer variables. More widely, the applications of integer
programming can be used to appropriately describe the decision problems
concerning the effective use of resources in engineering technology, business
management and other numerous fields. (Pamucar et al. 2019) proposed a
new approach for the treatment of uncertainty and imprecision based on
interval-valued fuzzy-rough numbers. The concept of rough variable, which
is a measurable function from rough space to the set of real numbers, was
proposed by (Liu, 2012). (Roy et al. 2019) presented investigate for a multi-
objective multi-item fixed-charge solid transportation problem with fuzzy-
rough variables as coefficients of the objective functions and of the
constraints. (Pandian et al. 2016) believed that transportation problem has all
or some parameters as rough integer intervals. They also proposed a new
method named, a slice-sum method to solve Rough Integer Interval
Transportation Problem (RIITP), where transportation cost, supply and
demand are rough integer intervals. (Osman et al. 2016) presented a solution
approach for rough interval multi objective transportation problem
(RIMOTP). The concept of solving conventional interval programming
combined with fuzzy programming is used to build the solution approach for
RIMOTP. (Liu and Yuan 2007) developed triangular intuitionistic fuzzy sets
based on the combination of triangular fuzzy numbers and intuitionistic fuzzy
sets. (Garg et al. 2014) presented a methodology for solving the multi-
objective reliability optimization model, in which parameters are considered
imprecise in terms of triangular interval data. The most relevant method for
solving transportation problems with interval coefficients was proposed by
(Ammar & Khalifa, 2014) They relied on transformed the original intervals
coefficients to crisp coefficients. (Garai et al. 2019) presented investigated a
multi-objective inventory model under both stock-dependent demand rate and
holding cost rate with fuzzy random coefficients. This study focuses on the
development of a convenient method to solving integer transportation
problems and find an optimal solution and optimal values cost where the
supply and demand are balanced , where all parameters and decision
variables in the constraints and the objective function are (RIs) and (Tr.F.R.
N). In this work, we present a new method namely, slides solution method to
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find an optimal solution for integer TPs where transportation cost, supply and
demand are fuzzy integer intervals.

This paper is organized as follows: In Section 2 some basic definitions
and some arithmetic results are presented. In Section 3, formulation of
trapezoidal fuzzy rough number problem and application for solving
trapezoidal fuzzy rough number problem are established.

In section 4, advantages of the proposed method are discussed.. Finally, the
conclusion part is present in Section 5.

2. Preliminaries

The following are some definitions of the basic arithmetic operators and
partial ordering relations on rough intervals and trapezoidal fuzzy rough
numbers based on the function principle which used in Section 3.

2.1. Rough Intervals

Definition 1. (Rough Interval); Let X denoted a compact set of real
numbers. A rough interval X® is defined as an interval with known lower
and upper bounds but unknown distribution information for X denoted by:

XR = [x@AD; xWAD] where ~ X®4D and XUAD are lower and upper

approximation intervals of X® | respectively with x40 ¢ x(WAD,

Definition 2. "The arithmetic operations on RIs are depending on interval
arithmetic, so we will state some of these arithmetic operations as follows:

Let AR =[[att,av ]:[atV,a""]] and BR = [[ b, bUH]: [bE, bVV]] be two
Rls if AR, BR >0. Then.

[Addition:]

AR + BR - ([aLL + bLL,aUL + bUL]: [aLU + bLU, aUU + bUU]).
[Subtraction:]

AR — BR = ([aLL _ bUL’aUL _ bLL]: [aLU _ bUU' qlu — bLU])_
[Multiply:]

AR * BR — ([aLLbLL, aULbUL]: [aLUbLU, aUUbUU]).
[Negation:]

—AR = ([_aUL’ _aLL] . [_aUU’ _aLU]) ]
[Intersection:]

ARNBR=
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([max{a’®, b'L} , min{alt, bUL}], [max{a¥, b*V}, min{a'Y, bUU})]).
[Union:]
ARy BR =
([min{a**, b1}, max{a'*, bU*}], [min{a’?, bV}, max{a'?, bUU}]).

2.2. Trapezoidal Fuzzy Number

Definition 3. A trapezoidal fuzzy number (Tr.F.N),A can be represented
completely by a quadruplet 4 = (ay,a,,as,a,) Also, a Tr.F.N can be
characterized by the interval of confidence at level a: thus,

A, =[af,af] =[(a, —a))a+a;,—(a, —az)a+a,] Vace(01]
The membership function of (Tr.F.N) A = (a,, a,, as, a,) is characterized as:

r 0 , x<a
X —a
— | @ <x<a,
a, —a,
ui(x) ¢ 1 , Gy <x=<a;
a, — X
— -, a3<x<a,
a, —as
\ 0 , X = ay

Definition 4. A trapezoidal fuzzy rough number AR denoted by

AR = [(a't,aM,aV,a"): (atV,aM,aV, a’Y)] where
atl,alt,aM,a",a and aVV € R real number such that a*¥ < al! <
a' < aV < aUl < aYV (seeFig. 2) and the membership function can be
defined as:
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( 0 , x < akt
LL
X —a
M IL , aLLSxSaM
a” —a
par(x)< 1 , a’<x<adV
atl —x
m , a3SxSa4
\ 0 x > a¥t
Uar(x) < ’
A ( 0 , x < at¥
LU
X —a
iU ) aLUSxSaM
a” —a
pauv(x){ 1 , a’<x<aV¥
uu
a — X
U N , a¥V <x<all
a —a
\ \ 0

, otherwise

pau(x)

paL(x)

aN aUL all

Fig. 1 Membership function of the TrFRN

Note that pzr(x) = [AL = (alt,aM,a",a't), AV = (atV,aM,a",a"")]
and AL € AY where p;(x) And pzu(x) membership function of lower

and upper approximation trapezoidal fuzzy rough number of u & (x).
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2.3. The arithmetic operations for trapezoidal Fuzzy Rough
Number

LetAR = [[at,aM,a",avt ]: [atY,a™, aV,a" ]| and
[bLL bM bN bUL] [bLU,bM,bN,bUU]]

be two sets trapezoidal fuzzy rough numbers, where A% and B > 0, then
the arithmetic operations are defined by:

1. Addition
AR 4+ BR = [(A" + B*): (AY + BY)| where
Al + B = (a* + b, aM + bM,aV + bV, a%" + VD)
AV + BYU = (@'Y + bV, aM™ + bM,a" + bV, alV + pVY)
2. Subtraction:
AR — BR = [(A" — B*): (AY — BY)] where
A’L _ BL — (aLL _ bUL, aM _ bM, aN _ bN,aUL _ bLL)
A’U _ EU — (aLU _ bUU, aM _ bM, aN _ bN, aUU _ bLU)

3. Multiplication:

AR x BR = [(AL x BY): (AU x BY)] where

Al x Bt = (alt x b, aM x bM,aN x bV, aUt x Y1)

AY x BY = (a*V x bV, aM x pM,a" x bN,a"V x pUV)
4. Division

If 0 ¢ BR then AR + BR = [(AL BL): (AU + BY)| where

A - BL — (aLL - bUL, bM, N - bN,aUL -~ bLL)

AU - EU — (aLU - bUU, aM - bM,aN - bN,aUU - bLU)

Definition 5. Let AR = [AL:AY] and BR =[BL:BY] betwo
trapezoidal fuzzy rough numbers and then greater-then and less-than
operations can be defined as follows:
AR > BR < AL > Bt and AV = BY
AR < BR & A < B! and AY < BY
Also, we say AR = BR < AL = B and AV = BY.

88



SC|ent|f|c Journal of Faculty of Education, Misurata University-Libya, Vol. 9, No. 21, mar. 2023
Published online in March
AT /la 2023 L e s pially galall anl) gl laall cAaadil) Alaad) (s A3 uaa daaly oy il 408 Lpalad) Alaal)
Issn :2710- 4141
2023/03/11 & g, 2023/01/31 a5a) g5

3. Problems formulation

3.1. Integer transportation problem with fully rough intervals

The general formula of the integer transportation problems with fully rough
interval (ITPFRI) can be presented as:

n

(ITPFRI) Min ZR = iZ[[CU, L [l e ””]] ®[[xU, L) [xEY,x fj”]

i=1j=1
n
> [k et 1] = [l e[t 0] ®
j=1
m
Z UL] [xLU JUU] [[b]LL’bJUL] [bjLU,bjUU ] (2)
i=1
lL]U,, lL]L,xULand xUU >0
(3)
and integers variables
where bR = [[b.LL,b.UL]-[b.w b.UU]] xf = [[xl], [xx5])
f = Lttt ] of <[ )] o

[[ZLLZUL] [ZLU UU]](LEI]E]I—l m;]=1,...,n)

m is the number of supply points; n is the number of demand points; x is the
rough intervals (RIs) of units shipped from supply point i to demand pomtJ
where xf/ < xf < x[t <xV i cf isthe rough cost of shipping one unit
from supply pomt i to the demand point j; a is the rough supply at supply
point | ; b{‘}- is the rough interval demand at demand point j.

In the (ITPFRI) problem if the total supply is equal to the total demand, the
(ITPFRI) problem is said to be balanced.
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Example 1: Consider the following fully rough integer TP:

A B C Supply
1 [(812):(7,14)] [(1217):(11,19) [(10,12):(9,16)] [(14,16):(11,20)
2 [(4,7):(2,10)] [(5,8):](4,11)] [(7,10):(6,9,13)] [(12,14)]:(11,18)
3 [(5.7):(3,11)] [(35):(28)]  [(11,13):(10,16) [(15,17)]:(14,22)
Deman [(21,23):(18,28) [(12,14):(11,18) [(8,10)]:(7,14)] [(41,47)]:(36,60)
d ] ] ]

Now, since the total supply = the total demand = [[41,47]: [36,60] ]the given
problem is balanced.

Now, by using the proposed level-bound method we can get the optimal
solution of the (ITPFRI) problem is given below

[[if", x5 7M: [gd”, x12V1] = [16,6]: [4.6]],

[[ 225", 228" 1: (235", 235V1] = [[8,10]: [7.24]1,

L35, 2571 [xe31%, 29 V1] = [[12,24]:[11,18]],
[[ 35", 3841 st %37 V1] = [13,3]: [ 3.4]] and
[[ 35" %351 [xa5”, %39 V1] = [[12,14]: [11,18]]

with the minimum shipping cost
[[z5tE, z3VE 1: [232Y, z3UV]] = [[ 227,381]:[184,676]].

3.2. Integer transportation problems with fully trapezoidal

fuzzy rough number
The general formula of the integer transportation problems with fully fuzzy
rough trapezoidal number (ITPFFRTrN) may be presented as:
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(ITPFFRTrN) Min |[z5", 281,z 2"]: [24Y , 231, 2}, 28V))|

=Z[[ £ L (e e el e ]®[[x#,xu,x$,x“1 et el <l <t

[[ X5 xu,xl’\]’,xUL] [xl’“]U,x{‘f,x{\]',xUU]] —[ aft,al,al,al"|: [alV , af ,ai\’,aUU]] 4

'M3 ||

j=1

[[xu 'le'x{\J]'xUL] [le]U’x{‘J/I’x{\J]’xUU]] - [ bJLL’bJM'bJN'b]UL] [bjLU'bJM'bJN'bJUU]] (5)

o

Jj=1

xf xt xlf xljxtand x5V > 0 ©)
and (Tr.F.N) integer varlables

where |[bf:, b, b, bP1]: [bFV, b, b, bYV]|

IR 20 By b
LU .M N
[[xl],xl],xu,x Flefa? el xl ]]
LL .M N _UL|.[.LU .M .N .UU LL M _N _ULY.[,LU
[[cj G, G € .[c] Gy G ,c] ]] and [[ai yaMt,al,al"): [afV ,aM,al,a’ ]]

(ielLje],l=1,.... m ] =1, ... ,n ) are positive integers and
trapezoidal fuzzy rough number coefficients and variables of the objective
function and the constraints also, to be balanced if the total supply is equal to

the total demand. Where x/” < x/ < x{ < xj < x[}" <x7".

Definition 6. A set of rough intervals

{[[xu ,xl],xl],xl] : [le]U,x{‘;’,x{\]’,x ]] foralli € I and j E]} } is said
to be a feasible to the (ITPFFRTrN) problem if it satisfies the equations (4),

(5) and (6).

Definition 7. A feasible solution

{[[xu ,xl],x{\]’,xg’“ .[le]U,x{‘;’,x{\]’,x ]] foralli € I and j E]} to the
(ITPFFRTrN) problem is said to be an optimal solution of the problem
(ITPFFRTYN) if the feasible solution minimizes the objective function of the
(ITPFFRTrN) . that is

Z[[CLL M N UL] [CLU M . N uu]]

i=1j
N UL LU M N UU
®[[xu,xu,xu,x ] [xu 2 Xija Xijs Xij ]S
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ZZ[ LL M N UL] [CLU M N UU]

i=1j=1
N UL LU .M N .UU
[[x xl],xl],x ] [xU VX, Xij) Xif ]]
for all feasible {[[xu ,xu,xl]\J’,xUL] [xLU xfj"’,xl’\]',xuu ],for allielandje€] }

Now, the (ITPFFRTrN) problem is sliced into 6 integer transportation
problems namely, 1% level integer TP (ITPFFRTrN1), 2" level integer TP
(ITPFFRTIN2), 3 level integer TP (ITPFFRTIN3), 4™ level integer TP
(ITPFFRTIN4), 5™ level integer TP (ITPFFRTIN5), 6™ level integer TP
(ITPFFRTYING), as given below:

(ITPFFRTrN1) Min ZLU Z Z ol
i=1

n
Subject to Z ciLjU,:aU ,iel;z ciLjU:bjLU ,j EJ:
=1 '

LU O

X; i>1 andj > | are integers.

(ITPFFRTrN2) Min Zit Z Z ot
i=1

n
Subject to Z U,—a] ,ie];chjL:bjLL ,j EJ:
:1 =

x{f =20, i=1 andj =] areintegers.

n
m
(ITPFFRTrN3) Min ZY = Zizlz i xlf
j=1 j=1
n
m
(ITPFFRTrN4) Min ZJ = Z ZcN xN
1

n
Subject to ZCN- =al ,i€el; cN=pN ,je]:

~.
[y

~.
1]
[y
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x{y 20, i=1 andj =] areintegers.
n

(ITPFFRTrN5) Min ZYt Z ZCULxUL
i=1
j=1

Subject to cl-’jL,z af]jL LEI:; Z UL — bUL ,j EJ:

r

~
1l
Juy

xjh=0, iz I and] >] are integers.

(ITPFFRTrN6) Min zZY Z Z T
i=1

Subject to Z cil,=all Ji€el; z el =bY ,jey:
j=1
xil}U >0, i=21] andj=>=]are Lntegers.
Where the rough value optimal solutions Z® and decision rough integer
variables XJR in problem (ITPFFRTrN) will be as:

— UL LU uu
[ZZ ;Z3 ;Z4;Z5 ] [Zl Z3 ’Z4’ZG ]]

_ LU M N
%jj = [ Xij ) Xij X0y X o: [xu ,xl],xu,x ]]
(ielLje],I=1,.... m; ] =1, ...

3.3. Solution procedures for ITPFFRTrN
The slides solution mothed proceeds as follows :

Step 1: Check that the given (ITPFFRTrN) problem is balanced. If not, make
it into balanced.

Step 2: Construct 6™ level TP problems of the given (ITPFFRTrN) problem.

Step 3: Solve the 6" level TP problem using a transportation algorithm. Let
{x;PV, for all i € I and j € ]} be an optimal solution of the 6" level

TP problem with the minimum transportation cost z;YY.
Step 4 : Solve the 5™ level TP problem with the upper bound constraints
xjt <x;fV forall ielandj€] using Vogel method and the
mteger Imear programming technique. Let {x;*, forall i € I and j €
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J} be an optimal solution of the 5" level TP problem with the
minimum transportation cost z:U~.

Step 5 : Solve the 4™ level TP problem with the upper bound constraints
x} <x;* for all ielandj€] using Vogel method and the
integer Ilnear programming technique. Let {xu ,forallielandj €
J} be an optimal solution of the 4™ level TP problem with the

minimum transportatlon cost Z

Step 6 : Solve the 3" level TP problem with the upper bound constraints
xM < Xij Nforall i € I and j € ] using Vogel method and the integer

ij =
linear programmlng technique. Let {xu ,foralli € I and j € J} be an
optimal solution of the 3 level TP problem with the minimum

transportation cost Z

Step 7 : Solve the 2" level TP problem with the upper bound constraints
xi < x;},foralli € I and j € ] using Vogel method and the integer

linear programming technique. Let {x;“]LL, forall ielandj €]} be

an optimal solution of the 2" level TP problem with the minimum

transportation cost z;--.

Step 8 : Solve the 1% level TP problem with the upper bound
constraints x;;’ < x;f* forall i € I and j € J using Vogel method and
the integer Imear programming technique to solve. Let {x*LU for all
i € land j € J} be an optimal solution of the 1** level TP problem
with the minimum transportation cost z;-Y.

Step 9 : The optimal solution of the given problem (ITPFFRTIN) is

[[xl],xu,xu,x ].[xfju,x#,xf\j,x ]] with  the  minimum

transportation cost [[ZZLL 2z, 20 (28 ,zg”,zi\’,zg”]] :

The solution procedure of the proposed method for solving the fully fuzzy
rough integer trapezoidal TP is illustrated by the following numerical
example.
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Example 2 : Consider the following fully fuzzy rough integer trapezoidal TP:

A B C Supply

[6,7910):  [(11,12,14,15):  [(8,9,10,11): [(12, 13,15,16):
(4,7,9,13)] (9,12,14,18)] (6,9, 10,13)] (10,13, 15,19)]

[(3,4,5,6): [(5,6,7,8): [6,7,89):  [(10,11,13,14):
(1,4,5,8)] (2,6,7,10)] (37,812)] (8,11, 13,17)]
[4,6,7,8):  [(3.46,7): [(9,10,11,12):  [(13, 14,16,18):
(2,67,10]  (1,4,6,9)] (7,10,11,14)] (11,14, 16,21)]

[(19,20,22,24):  [(10,11,13,14):  [(6,7,9,10):  [(35,38,44,48):
(17,20,22,27)] (8,11, 13,17)] (4,7913)]  (29,38,44,57)]

Demand

Now, since the total supply = the total demand = [[35,38,44,48], [29,38
,44,571] the given problem is balanced.

Now, by using the proposed level-bound method we can get the optimal
solution of the problem (ITPFFRTrN) as follows:

[[ a1t 2t g, g7t gt gt Y, 7Y ] = [[12,13,15,16]:
[10,13,15,19]],
[[ 1510 x5y ,x21 Vo057 ] [tV f, x5y, %57 Y] ] =[[7,7,7,8]:[7,7,7,8]],
[[x;éL,ng 03 P ek, sl a8, 0400 | = [13,4,6,6]: [1,4,6,8]],
[[ 35t x35 3y, 33 ] [33Y, x3Y, x5y, %33 Y] ] = [[10,11,13,14]:
[8,11,13,17]] and
[[ X§I§L:x33 ) X33 'xéké]L] [x;éu’ x33 ) x33 ) lesw ] =[[3,3,3,4]: [3,3,3,4]]
W|th the minimum shipping cost

[[22 Lz, 2, 288 (24, 25 ,Z4,Z6U]] = [[168,221,329, 408]:
[79,221,329,628]]
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Fig (2) Z*R trapezoidal fuzzy rough objective values for example 3

4 Discussion

Compared with both the linear programming with rough Interval coefficients by
(Hamzehee et al. 2014) who only used the rough interval in linear programming
problems, and with fuzzy interval integer transportation problems by (Pandian et al.
2016) who used a new method namely; level-bound method that was proposed to
solve fuzzy interval integers transportation problems, this study used trapezoidal
fuzzy rough number coefficients and variables of the objective function and the
constraints to find an optimal solution and optimal values cost where the
supply and demand are balanced. The focus of our study is to develop an
improved method to solve integer transportation problems, where all
parameters and decision variables in the constraints and the objective
function are trapezoidal fuzzy rough number. Integer programming is used,
since many transportation problems in our real life require that the decision
variables be integers. In addition, fuzzy number rough intervals are very important
to tackle the uncertainty and imprecise data in decision making problems. Moreover,
the proposed algorithm enables us to search for the optimal solution in the largest
range of possible solutions. The motivation behind the study is to enable the
decision maker to make the right decision in the field of proposed solutions, in case
of having to deal with the uncertainty and imprecise data.

5 Conclusion
The cost of transportation from the source to destination is considered to be

rough costs are assigned. The availability as well as the demand is also
considered to be rough interval parameters. This work deals with two
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application problems the first one is for solve fully rough interval integer
transportation problems, the second is all parameters and decision variables
in the constraints and the objective function are trapezoidal fuzzy rough
number TrFRN. For all above two application problems are obtained and
discussed optimal solution and optimal values cost. by slides solution
method. This method is systematic procedure, both easy to understand and to
apply. The proposed method provides more options and can be served an
important tool for the decision makers when they are handling various types
of logistic problems having rough interval parameters. We think the slides
solution mothed is useful as new tools to tackle the uncertainty, vague and
imprecise data in decision making problems.
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